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Hyperbolic n-Dimensional Manifolds
with Automorphism Group
of Dimension n2∗†
A. V. Isaev
We obtain a complete classification of complex Kobayashi-hyperbolic
manifolds of dimension n ≥ 2, for which the dimension of the group
of holomorphic automorphisms is equal to n2.
1 Introduction
For a connected complex manifold M we denote by Aut(M) the group of
holomorphic automorphisms ofM . Equipped with the natural compact-open
topology, Aut(M) is a topological group. We are interested in characterizing
complex manifolds in terms of the properties of their automorphism groups.
If M is Kobayashi-hyperbolic, then Aut(M) carries the structure of a Lie
group whose topology agrees with the compact-open topology [Ko], [Ka]. Let
d(M) := dimAut(M). It is known from the classical results of Kobayashi
and Kaup (see [Ko], [Ka]) that d(M) ≤ n2+2n, and that d(M) = n2+2n if
and only if M is holomorphically equivalent to the unit ball Bn ⊂ Cn, where
n := dimCM . In [IKra] lower automorphism group dimensions were studied
and it was shown that, for n ≥ 2, there are in fact no hyperbolic manifolds
with n2 + 3 ≤ d(M) ≤ n2 + 2n − 1, and that the only manifolds with
n2 < d(M) ≤ n2 + 2 are, up to holomorphic equivalence, Bn−1 × ∆ (where
∆ is the unit disc in C) and the 3-dimensional Siegel space (the symmetric
bounded domain of type (III2) in C
3).
The arguments in [IKra] rely on the important observation made in [Ka]
that M is homogeneous whenever d(M) > n2 and on existing techniques for
homogeneous manifolds. On the other hand, if d(M) = n2, the manifold M
need not be homogeneous. Indeed, the automorphism group of any spherical
shell Sr := {z ∈ C
n : r < |z| < 1}, with 0 ≤ r < 1, is the group Un of unitary
∗Mathematics Subject Classification: 32Q45, 32M05, 32M10
†Keywords and Phrases: complex Kobayashi-hyperbolic manifolds, holomorphic
automorphism groups.
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transformations of Cn (and thus has dimension n2), but the action of Un on
Sr is not transitive. This simple example shows that the case d(M) = n
2
requires a different approach.
In [GIK] we classified all hyperbolic Reinhardt domains in Cn with d(M) =
n2. This classification is based on the description of the automorphism group
of a hyperbolic Reinhardt domain obtained in [Kru]. Further, in [KV] sim-
ply connected complete hyperbolic manifolds with d(M) = n2 were studied.
The main result of [KV] states that every such manifold is holomorphically
equivalent to a Reinhardt domain and hence the classification in this case
is a subset of the classification in [GIK]. There are, however, examples of
hyperbolic manifolds with d(M) = n2 outside the class of Reinhardt do-
mains. For instance, the factored spherical shell Sr/Zm, where Zm is real-
ized as a subgroup of scalar matrices in Un, is not equivalent to any Rein-
hardt domain if m > 1, but has the n2-dimensional automorphism group
Un/Zm. Further, not all hyperbolic manifolds with d(M) = n
2 are com-
plete and simply connected. Consider, for example, the Reinhardt domains
Er,θ :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, r(1 − |z′|2)θ < |zn| < (1 − |z
′|2)θ
}
,
with either θ ≥ 0, 0 ≤ r < 1, or θ = −1, r = 0. None of them is simply con-
nected, and complete domains only arise for either θ = 0, or r = 0, θ > 0. At
the same time, each of these domains has an n2-dimensional automorphism
group. This group consists of the maps
z′ 7→
Az′ + b
cz′ + d
,
zn 7→
eiβzn
(cz′ + d)2θ
,
(1.1)
where (
A b
c d
)
∈ SUn−1,1, β ∈ R.
In this paper we obtain a complete classification of hyperbolic manifolds
with d(M) = n2 without any additional assumptions. We will now state our
main result.
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THEOREM 1.1 Let M be a connected hyperbolic manifold of dimension
n ≥ 2 with d(M) = n2. Then M is holomorphically equivalent to one of the
following manifolds:
(i) Sr/Zm, 0 ≤ r < 1, m ∈ N,
(ii) Eθ :=
{
(z′, zn) ∈ C
n−1 × C : |z′|2 + |zn|
θ < 1
}
,
θ > 0, θ 6= 2,
(iii) Eθ :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, |zn| <
(1− |z′|2)θ
}
, θ < 0,
(iv) Er,θ =
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, r(1− |z′|2)θ <
|zn| < (1− |z
′|2)θ
}
, with either θ ≥ 0, 0 ≤ r < 1,
or θ < 0, r = 0,
(v) Dr,θ :=
{
(z′, zn) ∈ C
n−1 × C : r exp (θ|z′|2) < |zn| <
exp (θ|z′|2)
}
, with either θ = 1, 0 < r < 1,
or θ = −1, r = 0,
(vi) Ωr,θ :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, r(1− |z′|2)θ <
exp (Re zn) < (1− |z
′|2)θ
}
,with either
θ = 1, 0 ≤ r < 1 or θ = −1, r = 0,
(vii) S :=
{
(z′, zn) ∈ C
n−1 × C : −1 + |z′|2 < Re zn < |z
′|2
}
,
(viii) ∆3 (here n = 3),
(ix) B2 ×B2 (here n = 4).
(1.2)
The manifolds on list (1.2) are pairwise holomorphically non-equivalent.
The n2-dimensional automorphism groups of manifolds (1.2) are not hard
to find and will explicitly appear during the course of proof of Theorem 1.1.
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Except those mentioned earlier and the well-known automorphism groups of
∆3 and B2×B2, they are as follows: Aut(Eθ) is obtained from formula (1.1)
by replacing θ with 1/θ, Aut(D0,−1) consists of all maps of the form
z′ 7→ Uz′ + a,
zn 7→ e
iβ exp
(
−2〈Uz′, a〉 − |a|2
)
zn,
where U ∈ Un−1, a ∈ C
n−1, β ∈ R, and 〈· , ·〉 denotes the inner product in
Cn−1; Aut(Dr,1) is given by (3.9), Aut(Ωr,θ) is given by (3.7), Aut(S) consists
of all maps of the form (3.3) with λ = 1.
The domains Sr, Eθ, Eθ, Er,θ, Dr,θ, ∆
3 and B2 × B2 are the Reinhardt
domains from the classification in [GIK]. Each of the domains Ωr,θ is the
universal cover of some Er′,θ′, namely, Ωr1/θ , 1 covers Er,θ for 0 ≤ r < 1, θ > 0,
and Ω0,−1 covers E0,θ for θ < 0. Note that the universal cover of Er,0 for every
0 ≤ r < 1 is Bn−1 ×∆ and hence has an automorphism group of dimension
n2 + 2. Observe also that S is the universal cover of the domain Dr,1 for
every 0 < r < 1, and that the universal cover of D0,−1 is B
n and thus has an
automorphism group of dimension n2 + 2n.
The only manifolds in (1.2) that are both simply connected and complete
hyperbolic are those listed under (ii), (viii) and (ix). They form the partial
classification obtained in [KV].
The paper is organized as follows. In Section 2 we determine the dimen-
sions of the orbits of the action on M of G(M) := Aut(M)c, the connected
component of the identity of Aut(M). It turns out that, unless M is homo-
geneous, every G(M)-orbit is either a real or complex hypersurface in M .
Furthermore, real hypersurface orbits are either spherical or Levi-flat, and
in the latter case they are foliated by complex manifolds holomorphically
equivalent to the ball Bn−1; there are at most two complex hypersurface or-
bits and each of them is holomorphically equivalent to Bn−1 (see Proposition
2.1).
Next, in Section 3 we determine real hypersurface orbits up to CR-
equivalence. In the spherical case there are five possible kinds of orbits (see
Proposition 3.1). In the Levi-flat case every orbit is shown to be equivalent
to either Bn−1 × R or Bn−1 × S1 (see Proposition 3.3). The presence of an
orbit of a particular kind in most cases determines G(M) as a Lie group (see
Propositions 3.2 and 3.3).
In Section 4 we prove Theorem 1.1 in the non-homogeneous case by study-
ing how orbits of the kinds found in Section 3 can be glued together. This
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gives us cases (i)-(vii) of (1.2). In particular, it turns out that Levi-flat orbits
equivalent to Bn−1×R cannot occur, since they lead to the domain Bn−1×∆,
and that there can be at most one complex hypersurface orbit.
In Section 5 the homogeneous case is considered. We show that the only
homogeneous manifolds that can occur are (viii) and (ix) of (1.2).
It is natural to ask what the lowest automorphism group dimension for
which one can hope to obtain an explicit classification of hyperbolic mani-
folds is. In Section 6 we show that for d(M) = n2 − 2 there is little hope of
obtaining a reasonable classification even for the case of smoothly bounded
Reinhardt domains in C2. Namely, we construct an example of a family of
pairwise holomorphically non-equivalent smoothly bounded Reinhardt do-
mains in C2 with automorphism group of dimension 2, parametrized by a set
in R2 that satisfies very mild conditions. In particular, there are no explicit
formulas describing the domains in the family. Of course, this example is
not surprising: it is expected that the automorphism groups of most Rein-
hardt domains in Cn consist only of rotations in each variable and thus have
dimension n.
Hence beyond automorphism group dimension n2, dimension n2 − 1 is
probably the only remaining candidate to investigate for the existence of a
reasonable classification. We note that it follows from [Kru] (see [GIK]) that
the automorphism group of a hyperbolic Reinhardt domain in Cn cannot
have dimension n2 − 1.
Before proceeding, we would like to thank N. Kruzhilin and E. Lerman
for useful discussions.
2 Dimensions of Orbits
The action of G(M) on M is proper (see Satz 2.5 of [Ka]), and therefore for
every p ∈M its orbit O(p) := {f(p) : f ∈ G(M)} is a closed submanifold of
M and the isotropy subgroup Ip := {f ∈ G(M) : f(p) = p} of p is compact
(see [Ko], [Ka]). In this section we will obtain an initial classification of the
orbits.
Let Lp := {dpf : f ∈ Ip} be the linear isotropy subgroup, where dpf is
the differential of a map f at p. The group Lp is a compact subgroup of
GL(Tp(M),C) isomorphic to Ip by means of the isotropy representation
αp : Ip → Lp, αp(f) = dpf
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(see e.g. Satz 4.3 of [Ka]). We are now ready to formulate our orbit classifi-
cation result.
Proposition 2.1 Let M be a connected hyperbolic manifold of dimension
n ≥ 2 with d(M) = n2, and p ∈ M . Then
(i) either M is homogeneous or O(p) is a real or complex closed hypersurface
in M ;
(ii) if O(p) is a real hypersurface, it is either Levi-flat and foliated by mani-
folds holomorphically equivalent to Bn−1, or spherical; there exist coordinates
in Tp(M) in which Lp is either Un−1 or Z2 × Un−1, and the latter can only
occur for Levi-flat orbits;
(iii) if O(p) is a complex hypersurface, it is holomorphically equivalent to
Bn−1, there exist coordinates in Tp(M) in which Lp = U1 × Un−1, the sub-
group I ′p := α
−1
p (U1) is normal in G(M), and the factor-group G(M)/I
′
p is
isomorphic to Aut(Bn−1); there are no more than two complex hypersurface
orbits in M .
Proof: The proof is similar to in part that of Proposition 1.1 of [IKru] (see
also Satz 1.2 in [Ka]). Let V ⊂ Tp(M) be the tangent space to O(p) at p.
Clearly, V is Lp-invariant. We assume now that O(p) 6= M (and therefore
V 6= Tp(M)) and consider the following three cases.
Case 1. d := dimC(V + iV ) < n.
Since Lp is compact, one can introduce coordinates on Tp(M) such that
Lp ⊂ Un. Further, the action of Lp on Tp(M) is completely reducible and
the subspace V + iV is invariant under this action. Hence Lp can in fact be
embedded in Un−d × Ud. Since dimO(p) ≤ 2d, it follows that
n2 ≤ (n− d)2 + d2 + 2d,
and therefore either d = 0 or d = n − 1. If d = 0, then O(p) = {p}. Now
Folgerung 1.10 of [Ka] implies that M is holomorphically equivalent to Bn,
which is impossible, and thus d = n− 1 (for an alternative proof of this fact
see Lemma 3.1 of [KV]).
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We have
n2 = dimLp + dimO(p) ≤ n
2 − 2n+ 2 + dimO(p).
Hence dimO(p) ≥ 2n − 2 which implies that dimO(p) = 2d = 2n − 2, and
therefore iV = V , which means that O(p) is a complex closed hypersurface
in M .
We have Lp = U1×Un−1. The Un−1-component of Lp acts transitively on
directions in V and therefore, by the result of [GK], the orbit O(p) is holomor-
phically equivalent to Bn−1. On the other hand, the U1-component of Lp acts
trivially on V and therefore the subgroup I ′p = α
−1
p (U1) of Ip corresponding
to this component is the kernel of the action of G(M) on O(p) (this follows,
for example, from Bochner’s linearization theorem – see also [Ka]). Thus, I ′p
is normal in G(M) and the factor-group G(M)/I ′p acts effectively on O(p).
Since G(M)/I ′p is connected and has dimension n
2 − 1 = dimAut(Bn−1), it
is isomorphic to Aut(Bn−1).
Case 2. Tp(M) = V + iV and r := dimC(V ∩ iV ) > 0.
As above, Lp can be embedded in Un−r ×Ur (we have r < n). Moreover,
V ∩ iV 6= V and, since Lp preserves V , it follows that dimLp < r
2+(n− r)2.
We have dimO(p) ≤ 2n− 1, and therefore
n2 < (n− r)2 + r2 + 2n− 1,
which shows that either r = 1, or r = n − 1. It then follows that dimLp <
n2 − 2n+ 2. Therefore, we have
n2 = dimLp + dimO(p) < n
2 − 2n+ 2 + dimO(p).
Hence dimO(p) > 2n− 2 and thus dimO(p) = 2n− 1. This yields that O(p)
is a real closed hypersurface in M .
Let W be the orthogonal complement to V ∩ iV in Tp(M). Clearly,
r = n− 1 and dimCW = 1. The group Lp is a subgroup of Un and preserves
V , V ∩ iV , and W ; hence it preserves the line W ∩ V . Therefore, it can act
only as ±id on W , that is, Lp ⊂ Z2×Un−1. Since dimLp = (n−1)
2, we have
either Lp = Un−1, or Lp = Z2 × Un−1. In particular, Lp acts transitively on
directions in V ∩iV . Hence O(p) is either Levi-flat or strongly pseudoconvex.
If O(p) is strongly pseudoconvex, we have Lp = Un−1.
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Suppose that O(p) is Levi-flat. Then O(p) is foliated by connected com-
plex manifolds. Let Mp be the leaf passing through p. Since Lp acts transi-
tively on directions in the tangent space V ∩ iV to Mp, it follows from [GK]
that Mp is holomorphically equivalent to B
n−1. The same argument applies
to any other leaf in O(p).
Assume now that O(p) is strongly pseudoconvex. Since Lp = Un−1, the
dimension of the stability group of O(p) at p is greater than or equal to
(n − 1)2, which implies that p is an umbilic point of O(p) (see e.g. [EzhI]).
The homogeneity of O(p) now implies that O(p) is spherical.
Case 3. Tp(M) = V ⊕ iV .
In this case dimV = n and Lp can be embedded in the real orthogonal
group On(R), and therefore
dimLp + dimO(p) ≤
n(n− 1)
2
+ n < n2,
which is a contradiction.
We will now show that there can be no more than two complex hyper-
surface orbits in M . Let O(p) be a complex hypersurface for some p ∈ M .
Since Lp acts as U1 on a complement to V in Tp(M) (see Case 1), there exists
a neighborhood U of p such that for every q ∈ U \ O(p) the values at q of
the vector fields on M arising from the action of G(M), span a codimension
1 subspace of Tq(M). Hence there is always a real hypersurface orbit in M .
Since the action of G(M) on M is proper, it follows that the orbit space
M/G(M) is homeomorphic to one of the following: R, S1, [0, 1], [0, 1) (see
[M], [B-B], [AA1], [AA2]), and thus there can be no more than two complex
hypersurface orbits in M .
The proof of the proposition is complete. 
3 Real Hypersurface Orbits
In this section we will classify real hypersurface orbits up to CR-equivalence.
We will deal with spherical orbits first.
Proposition 3.1 Let M be a connected hyperbolic manifold of dimension
n ≥ 2 with d(M) = n2. Assume that for a point p ∈ M its orbit O(p) is
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spherical. Then O(p) is CR-equivalent to one of the following hypersurfaces:
(i) a lens manifold Lm := S
2n−1/Zm for some m ∈ N,
(ii) σ := {(z′, zn) ∈ C
n−1 × C : Re zn = |z
′|2} ,
(iii) δ := {(z′, zn) ∈ C
n−1 × C : |zn| = exp (|z
′|2)},
(iv) ω := {(z′, zn) ∈ C
n−1 × C : |z′|2 + exp (Re zn) = 1} ,
(v) εα := {(z
′, zn) ∈ C
n−1 × C : |z′|2 + |zn|
α = 1, zn 6= 0},
for some α > 0.
(3.1)
Proof: For a connected Levi non-degenerate CR-manifold S denote by
AutCR(S) the Lie group of its CR-automorphisms. Let O˜(p) be the univer-
sal cover of O(p). The connected component of the identity AutCR(O(p))
c
of AutCR(O(p)) acts transitively on O(p) and therefore its universal cover
A˜utCR(O(p))
c acts transitively on O˜(p). Let G be the (possibly non-closed)
subgroup of AutCR(O˜(p)) that consists of all CR-automorphisms of O˜(p)
generated by this action. Observe that G is a Lie group isomorphic to
the factor-group of A˜utCR(O(p))
c by a discrete central subgroup. Let Γ ⊂
AutCR(O˜(p)) be the discrete subgroup whose orbits are the fibers of the cov-
ering O˜(p) → O(p). The group Γ acts freely properly discontinuously on
O˜(p), lies in the centralizer of G in AutCR(O˜(p)) and is isomorphic to H/H
c,
with H = pi−1(Ip), where pi : A˜utCR(O(p))
c → AutCR(O(p))
c is the covering
map.
The manifold O˜(p) is spherical, and there is a local CR-isomorphism Π
from O˜(p) onto a domain D ⊂ S2n−1. By Proposition 1.4 of [BS], Π is a
covering map. Further, for every f ∈ AutCR(O˜(p)) there is g ∈ Aut(D) such
that
g ◦ Π = Π ◦ f. (3.2)
Since O˜(p) is homogeneous, (3.2) implies that D is homogeneous as well, and
dimAutCR(O˜(p)) = dimAutCR(D).
Clearly, dimAutCR(O(p)) ≥ n
2 and therefore we have dimAutCR(D) ≥
n2. All homogeneous domains in S2n−1 are listed in Theorem 3.1 in [BS]. It
is not difficult to exclude from this list all domains with automorphism group
of dimension less than n2. This gives that D is CR-equivalent to one of the
following domains:
(a) S2n−1,
(b) S2n−1 \ {point},
(c) S2n−1 \ {zn = 0}.
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Thus, O˜(p) is respectively one of the following manifolds:
(a) S2n−1,
(b) σ,
(c) ω.
If O˜(p) = S2n−1, then by Proposition 5.1 of [BS] the orbit O(p) is CR-
equivalent to a lens manifold as in (i) of (3.1).
Suppose next that O˜(p) = σ. The group AutCR(σ) consists of all maps
of the form
z′ 7→ λUz′ + a,
zn 7→ λ
2zn + 2λ〈Uz
′, a〉+ |a|2 + iα,
(3.3)
where U ∈ Un−1, a ∈ C
n−1, λ ∈ R∗, α ∈ R, and 〈· , ·〉 is the inner product in
C
n−1. It then follows that AutCR(σ) = CUn−1⋉N , where CUn−1 consists of
all maps of the form (3.3) with a = 0, α = 0, and N is the Heisenberg group
consisting of the maps of the form (3.3) with U = id and λ = 1.
Further, description (3.3) implies that dimAutCR(σ) = n
2 + 1, and
therefore n2 ≤ dimG ≤ n2 + 1. If dimG = n2 + 1, then we have G =
AutCR(σ)
c, and hence Γ is a central subgroup of AutCR(σ)
c. Since the center
of AutCR(σ)
c is trivial, so is Γ. Thus, in this case O(p) is CR-equivalent to
the hypersurface σ.
Assume now that dimG = n2. Since G acts transitively on σ, we have
N ⊂ G. Furthermore, since G is of codimension 1 in AutCR(σ), it contains
the subgroup SUn−1⋉N . By Proposition 5.6 of [BS], we have Γ ⊂ Un−1⋉N .
The centralizer of SUn−1 ⋉N in Un−1 ⋉N consists of all maps of the form
z′ 7→ z′,
zn 7→ zn + iα,
(3.4)
where α ∈ R. Since Γ acts freely properly discontinuously on σ, it is gener-
ated by a single map of the form (3.4) with α = α0 ∈ R
∗. The hypersurface
σ covers the hypersurface{
(z′, zn) ∈ C
n−1 × C : |zn| = exp
(
2pi
α0
|z′|2
)}
(3.5)
by means of the map
z′ 7→ z′,
zn 7→ exp
(
2pi
α0
zn
)
,
(3.6)
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and the fibers of this map are the orbits of Γ. Hence O(p) is CR-equivalent
to hypersurface (3.5). Replacing if necessary zn by 1/zn we obtain that O(p)
is CR-equivalent to the hypersurface δ.
Suppose finally that O˜(p) = ω. First, we will determine the group
AutCR(ω). The general form of a CR-automorphism of S
2n−1 \ {zn = 0}
is given by formula (1.1) with θ = 1/2 and the covering map Π by the for-
mula
z′ 7→ z′,
zn 7→ exp
(zn
2
)
.
Using (3.2) we then obtain the general form of a CR-automorphism of ω as
follows:
z′ 7→
Az′ + b
cz′ + d
,
zn 7→ zn − 2 ln(cz
′ + d) + iβ,
(3.7)
where (
A b
c d
)
∈ SUn−1,1, β ∈ R.
In particular, AutCR(ω) is a connected group of dimension n
2 and therefore
G = AutCR(ω). Hence Γ is a central subgroup of AutCR(ω). It follows from
formula (3.7) that the center of AutCR(ω) consists of all maps of the form
(3.4). Hence Γ is generated by a single such map with α = α0 ∈ R. If α0 = 0,
the orbit O(p) is CR-equivalent to ω. Let α0 6= 0. The hypersurface ω covers
the hypersurface{
(z′, zn) ∈ C
n−1 × C : |z′|2 + |zn|
α0
2pi = 1, zn 6= 0
}
(3.8)
by means of map (3.6). Since the fibers of this map are the orbits of Γ, it
follows that O(p) is CR-equivalent to hypersurface (3.8). Replacing if nec-
essary zn by 1/zn, we obtain that O(p) is CR-equivalent to the hypersurface
εα for some α > 0.
The proof is complete. 
We will now show that in most cases the presence of a spherical orbit of
a particular kind in M determines the group G(M) as a Lie group. Suppose
that for some p ∈ M the orbit O(p) is spherical, and let m be the manifold
from list (3.1) to which O(p) is CR-equivalent. Since G(M) acts effectively
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on O(p), the CR-equivalence induces an isomorphism between G(M) and a
(possibly non-closed) connected n2-dimensional subgroup Rm of AutCR(m).
A priori, Rm depends on the choice of a CR-isomorphism between O(p) and
m, but, as we will see below, this dependence is insignificant.
We will now prove the following proposition.
Proposition 3.2
(i) RS2n−1 is conjugate to Un in Aut(B
n), and RLm = Un/Zm for m > 1;
(ii) Rσ is a subgroup in the group of all maps of the form (3.3) that contains
SUn−1 ⋉N ;
(iii) Rδ consists of all maps of the form
z′ 7→ Uz′ + a,
zn 7→ e
iβ exp
(
2〈Uz′, a〉+ |a|2
)
zn,
(3.9)
where U ∈ Un−1, a ∈ C
n−1, β ∈ R;
(iv) Rω consists of all maps of the form (3.7);
(v) Rεα consists of all maps of the form (1.1) with θ = 1/α.
Proof: Suppose first that m = Lm, for some m ∈ N. Then O(p) is compact
and, since Ip is compact as well, it follows that G(M) is compact. Assume
first that m = 1. In this case RS2n−1 is a subgroup of AutCR(S
2n−1) =
Aut(Bn). Since RS2n−1 is compact, it is conjugate to a subgroup of Un, which
is a maximal compact subgroup in Aut(Bn). Since both RS2n−1 and Un are
n2-dimensional, RS2n−1 is conjugate to the full group Un. Suppose now that
m > 1. It is straightforward to determine the group AutCR (Lm) by lifting
CR-automorphisms of Lm to its universal cover S
2n−1. This group is Un/Zm
acting on Cn \ {0}/Zm in the standard way. In particular, AutCR (Lm) is
connected and has dimension n2. Therefore, RLm = Un/Zm.
Assume now that m = σ. The group AutCR(σ) consists of all maps of
the form (3.3) and has dimension n2 + 1. Since Rσ acts transitively on σ, it
contains the subgroup N (see the proof of Proposition 3.1). Furthermore, Rσ
is a codimension 1 subgroup of AutCR(σ), and thus contains the subgroup
SUn−1 ⋉N .
Next, the groups AutCR(δ), AutCR(ω), AutCR(εα) are n
2-dimensional and
connected. Indeed, AutCR(δ) can be determined by considering the universal
cover of δ (see the proof of Proposition 3.1) and consists of all maps of the
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form (3.9). The group AutCR(ω) was found in the proof of Proposition 3.1
and consists of all maps of the form (3.7). The group AutCR(εα) can be
found by considering the universal cover of εα and consists of all maps of the
form (1.1) with θ = 1/α. Thus, we obtain statements (iii), (iv) and (v) of
the proposition.
The proof is complete. 
Next, we will classify Levi-flat orbits.
Proposition 3.3 Let M be a connected complex hyperbolic manifold of
dimension n ≥ 2 with d(M) = n2. Assume that for a point p ∈ M its orbit
O(p) is Levi-flat. Then O(p) is equivalent to either Bn−1 × R or Bn−1 × S1
by means of a real-analytic CR-map. The CR-equivalence can be chosen so
that it transforms G(M) into the group RBn−1×R of all maps of the form
(z′, zn) 7→ (a(z
′), zn + b),
in the first case, and into the group RBn−1×S1 of all maps of the form
(z′, zn) 7→ (a(z
′), eiczn),
in the second case, where a ∈ Aut(Bn−1), b, c ∈ R.
Proof: Recall that the hypersurface O(p) is foliated by complex manifolds
holomorphically equivalent to Bn−1 (see (ii) of Proposition 2.1). Denote by
g the Lie algebra of vector fields on O(p) arising from the action of G(M).
Clearly, g is isomorphic to the Lie algebra of G(M). For q ∈ O(p) we consider
the leaf Mq of the foliation passing through q and the subspace lq ⊂ g of all
vector fields tangent to Mq at q. Since vector fields in lq remain tangent to
Mq at each point in Mq, the subspace lq is in fact a Lie subalgebra of g. It
follows from the definition of lq that dim lq = n
2 − 1.
Denote byHq the (possibly non-closed) connected subgroup of G(M) with
Lie algebra lq. It is straightforward to verify that the group Hq acts on Mq
by holomorphic transformations and that Icq ⊂ Hq. If some element g ∈ Hq
acts trivially on Mq, then g ∈ Iq. If Iq is isomorphic to Un−1, every element
of Iq acts non-trivially onMq and thus g = id; if Iq is isomorphic to Z2×Un−1
and g 6= id, then g = gq, where gq denotes the element of Iq corresponding
to the non-trivial element in Z2 (see Case 2 in the proof of Proposition 2.1).
Thus, either Hq or Hq/Z2 acts effectively on Mq (the former case occurs if
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gq 6∈ Hq, the latter if gq ∈ Hq). Since dimHq = n
2 − 1 = dimAut(Bn−1), we
obtain that either Hq or Hq/Z2 is isomorphic to Aut(B
n−1).
We will now show that in fact gq 6∈ Hq. Assuming the opposite, we have
Iq ⊂ Hq. It then follows that Iq is a maximal compact subgroup of Hq
since its image under the projection Hq → Aut(B
n−1) is a maximal compact
subgroup of Aut(Bn−1). However, every maximal compact subgroup of a
connected Lie group is connected whereas Iq is not. Thus, gq 6∈ Hq, and
hence Hq is isomorphic to Aut(B
n−1).
We will now show that Hq1 = Hq2 for all q1, q2 ∈ O(p). Suppose first
that n ≥ 3. The Lie algebra lq is isomorphic to sun−1,1. Since the algebra
sun−1,1 does not have codimension 1 subalgebras if n ≥ 3 (see e.g. [EaI]),
lq is the only codimension 1 subalgebra of g in this case. This implies that
Hq1 = Hq2 for all q1, q2 ∈ O(p) for n ≥ 3. Assume now that n = 2. By
Bochner’s theorem there exist a local holomorphic change of coordinates F
near q on M that identifies an Icq -invariant neighborhood U of q with an
Lcq-invariant neighborhood U
′ of the origin in Tq(M) such that F (q) = 0 and
F (gs) = αq(g)F (s) for all g ∈ I
c
q and s ∈ U (here Lq is the linear isotropy
group and αq is the isotropy representation at q). In the proof of Proposition
2.1 (see Case 2) we have seen that Lcq fixes every point in the orthogonal
complement Wq to Tq(Mq) in Tq(M). Therefore, for all points s in the curve
F−1
(
U ′∩
(
Wq∩Tq(O(p))
))
we have Ics = I
c
q . In particular, Hq∩Hs contains
a subgroup isomorphic to U1 for such s. Hence lq ∩ ls is isomorphic to a
subalgebra of su1,1 of dimension at least 2 that contains the subalgebra of all
diagonal matrices in su1,1. It is straightforward to check, however, that every
such subalgebra must coincide with all of su1,1, which shows that Hq = Hs
for all s ∈ F−1
(
U ′∩
(
Wq∩Tq(O(p))
))
and hence for all s in a neighborhood
of q. Since this argument can be applied to any q ∈ O(p), we obtain that
Hq1 = Hq2 for all q1, q2 ∈ O(p) if n = 2 as well. From now on we denote the
coinciding groups Hq by H and the coinciding algebras lq by l. Note that the
above argument also shows that H is a normal subgroup of G(M) and l is
an ideal in g.
We will now show that H is closed in G(M). Let U be a neighborhood
of 0 in g where the exponential map into G(M) is a diffeomorphism, and let
V := exp(U). To prove that H is closed in G(M) it is sufficient to show
that for some neighborhood W of id ∈ G(M), W ⊂ V , we have H ∩W =
exp(l∩U)∩W . Assuming the opposite we obtain a sequence {hj} of elements
of H converging to id in G(M) such that for every j we have hj = exp(aj)
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with aj ∈ U\l. Fix q ∈ O(p). There exists a neighborhood V of q in O(p) that
is CR-equivalent to the direct product of a segment in R and a ball in Cn−1.
For every s in this neighborhood we denote by Ns the complex hypersurface
lying in V that arises from this representation and passes through s. We
call such hypersurfaces local leaves. Let qj := hjq. If j is sufficiently large,
qj ∈ V. For every j, the local leaf Nqj is distinct from Nq, and Nqj accumulate
to Nq. At the same time we have Nq ⊂Mq and Nqj ⊂Mq for all j and thus
the leaf Mq accumulates to itself. Below we will show that this is in fact
impossible thus obtaining a contradiction.
Consider the action of Icq on Mq. The orbit O
′(s) of every point s ∈
Mq, s 6= q, of this action is diffeomorphic to the sphere S
2n−3 and we have
Mq \ O
′(s) = V1(s) ∪ V2(s), where V1(s), V2(s) are open in Mq, disjoint,
the point q lies in V1(s), and V2(s) is diffeomorphic to a spherical shell in
Cn−1. Since Icq is compact, there exist neighborhoods V, V
′ of q in O(p),
V ′ ⊂ V, such that V is represented as a union of local leaves, and IcqV
′ ⊂ V.
Since Mq accumulates to itself near q, there exists s0 ∈ Mq ∩ V
′, s0 6∈ Nq.
Clearly, O′(s0) ⊂ V. Since the vector fields in g arising from the action
of Icq on O(p) are tangent to Ns0 ⊂ Mq at s0 and V is partitioned into
non-intersecting local leaves, the orbit O′(s0) lies in Ns0 . Then we have
Ns0 \ O
′(s0) = W1(s0) ∪W2(s0), where W1(s0) is diffeomorphic to the ball.
Since q 6∈ Ns0 , we have and V2(s0) = W1(s0), which is impossible since in
this case V2(s0) is not diffeomorphic to a spherical shell. This contradiction
shows that H is closed in G(M).
Thus, since the action of G(M) is proper on M , the action of H on O(p)
is proper as well, and the orbits of this action are the leaves of the foliation.
Since all isotropy subgroups for the action ofH on O(p) are conjugate to each
other, O(p)/H is homeomorphic to either R or S1 (see [M], [B-B], [AA1],
[AA2]). By [A], [P] there is a complete H-invariant Riemannian metric on
O(p). Fix p0 ∈ O(p), let F :Mp0 → B
n−1 be a biholomorphism, and consider
a normal geodesic γ0 emanating from p0.
Suppose first that O(p)/H is homeomorphic to R. Then γ0 is diffeomor-
phic to R (see [AA1]). We will now construct a CR-isomorphism F1 : O(p)→
Bn−1 × R using the properties of normal geodesics listed in Proposition 4.1
of [AA1]. For q ∈ O(p) consider Mq and let r be the (unique) point where
γ0 intersects Mq. Let h ∈ H be such that q = hr and tq be the value of the
parameter on γ such that γ(tq) = r. Then we set F1(q) := (F (hp0), tq). By
construction, F1 is a real-analytic CR-map.
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Suppose now that O(p)/H is homeomorphic to S1. Following [AA1],
consider the Weyl group W (γ0) of γ0. This group can be identified with a
subgroup of the groupNH(I
c
q )/I
c
q , where q is any point in γ0 andNH(I
c
q) is the
normalizer of Icq in H . Since H is isomorphic to Aut(B
n−1) and Icq upon this
identification is conjugate to Un−1 ⊂ Aut(B
n−1), we see that NH(I
c
q ) = I
c
q
and thus W (γ0) is trivial. This implies that γ0 is diffeomorphic to S
1 (see
[AA1]). We will now construct a CR-isomorphism F2 : O(p) → B
n−1 × S1,
using, as before, the properties of normal geodesics from Proposition 4.1 of
[AA1]. For q ∈ O(p) consider Mq and let r be the point where γ0 intersects
Mq. Let h ∈ H be such that q = hr and tq be the least value of the parameter
on γ0 such that γ0(tq) = r. Then we set F2(q) := (F (hp0), e
2piitq/T ), where T
is the least positive value of the parameter on γ0 such that γ(T ) = p0. The
CR-map F2 is real-analytic.
It follows from the construction of the maps Fj that the elements of
H ′ := Fj ◦H|O(p) ◦ F
−1
j have the form
(z′, u) 7→ (a(z′), u),
for j = 1, 2, where a ∈ Aut(Bn−1) and (z′, u) is a point in either Bn−1 × R,
or Bn−1×S1, respectively. We will now find the general form of the elements
of the group G′ := Fj ◦G(M)|O(p) ◦ F
−1
j .
Every CR-isomorphism of either Bn−1 × R, or Bn−1 × S1 has the form
(z′, u) 7→ (au(z
′), µ(u)), (3.10)
where au ∈ Aut(B
n−1) for every u and µ is a diffeomorphism of either R or
S1, respectively. Since H is normal in G(M), H ′ is normal in G′. Fix an
element of G′ and let {au} be the corresponding family of automorphisms of
Bn−1, as in (3.10). Then we have au1aa
−1
u1
= au2aa
−1
u2
for all a ∈ Aut(Bn−1)
and all u1, u2. Therefore, au1a
−1
u2 lies in the center of Aut(B
n−1), which is
trivial. Hence we obtain that au1 = au2 for all u1, u2. This shows that every
element of G′ is a composition of an element of H ′ and an element of a
one-parameter family of real-analytic automorphism of the form
(z′, u) 7→ (z′, µ(u)).
Since for every q ∈ O(p) there can exist at most one element of G(M)
outsideH that fixes q (namely, the transformation gq), the corresponding one-
parameter family {µτ}τ∈R has no fixed points in either R or S
1, respectively.
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If O(p) is equivalent to Bn−1×R, then under the diffeomorphism of R inverse
to the map x 7→ µx(0), the family {µτ}τ∈R transforms into the family
(z′, u) 7→ (z′, u+ τ).
If O(p) is equivalent to Bn−1 × S1, then the diffeomorphism of S1
eiθ 7→ exp
(
2pii
c
∫ θ
0
1
V (t)
dt
)
,
with V (t) := dµτ/dτ |τ=0,u=eit and c =
∫ 2pi
0
dt/V (t), 0 ≤ t, θ ≤ 2pi, transforms
the family {µτ}τ∈R into the family
(z′, u) 7→ (z′, e
2pii
c
τu).
The diffeomorphisms of R and S1 constructed above are real-analytic.
The proof is complete. 
The hypersurfaces determined in Propositions 3.1 and 3.3 will be called
the models for real hypersurface orbits. For Levi-flat orbits we will always
assume that the CR-equivalence between the orbit and the model is chosen
to ensure that G(M) transforms into either RBn−1×R or RBn−1×S1.
It is straightforward to see that all models are pairwise CR non-equivalent.
For all models, except the family {εα}α>0, this follows from topological con-
siderations and comparison of the automorphism groups. Furthermore, any
CR-isomorphism between εα and εβ can be lifted to a CR-automorphism
of ω, the universal cover of each of εα and εβ, and it is straightforward to
observe that in order for the lifted map to be well-defined and one-to-one,
we must have β = α.
4 The Non-Homogeneous Case
In this section we will prove Theorem 1.1 in the non-homogeneous case by
studying how real and complex hypersurface orbits can be glued together to
form hyperbolic manifolds with n2-dimensional automorphism groups.
Suppose that for some p ∈ M the orbit O(p) is CR-equivalent to a lens
manifold Lm, for some m ∈ N. In this case G(M) is compact, hence there
are no complex hypersurface orbits and the model for every orbit is a lens
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manifold. Assume first that m = 1. Then M admits an effective action of Un
by holomorphic transformations and therefore is holomorphically equivalent
to one of the manifolds listed in [IKru]. The only hyperbolic manifolds on
the list with n2-dimensional automorphism group are factored spherical shells
Sr/Zl, for 0 ≤ r < 1 and l = |nk + 1| with k ∈ Z (note that for such l the
groups Un and Un/Zl are isomorphic). However, for l > 1 no orbit of the
action of Aut(Sr/Zl) = Un/Zl on Sr/Zl is diffeomorphic to S
2n−1, which
gives that M is in fact equivalent to Sr.
Assume now that m > 1. Let f : O(p) → Lm be a CR-isomorphism.
Then we have
f(gq) = ϕ(g)f(q), (4.1)
where q ∈ O(p), for some Lie group isomorphism ϕ : G(M) → Un/Zm. The
CR-isomorphism f extends to a biholomorphic map from a neighborhood
U of O(p) in M onto a neighborhood W of Lm in C
n \ {0}/Zm. Since
G(M) is compact, one can choose U to be a connected union of G(M)-orbits.
Then property (4.1) holds for the extended map, and therefore every G(M)-
orbit in U is taken onto a Un/Zm-orbit in C
n \ {0}/Zm by this map. Thus,
W = SRr /Zm for some 0 ≤ r < R <∞, where S
R
r := {z ∈ C
n : r < |z| < R}
is a spherical shell.
Let D be a maximal domain in M such that there exists a biholomorphic
map f from D onto SRr /Zm for some r, R, satisfying (4.1) for all g ∈ G(M)
and q ∈ D. As was shown above, such a domain D exists. Assume that
D 6= M and let x be a boundary point of D. Consider the orbit O(x). Let Lk
for some k > 1 be the model for O(x) and f1 : O(x)→ Lk a CR-isomorphism
satisfying (4.1) for g ∈ G(M), q ∈ O(x) and an isomorphism ϕ1 : G(M) →
Un/Zk in place of ϕ. The map f1 can be holomorphically extended to a
neighborhood V of O(x) that one can choose to be a connected union of
G(M)-orbits. The extended map satisfies (4.1) for g ∈ G(M), q ∈ V and ϕ1
in place of ϕ. For s ∈ V ∩ D we consider the orbit O(s). The maps f and
f1 take O(s) into some surfaces r1S
2n−1/Zm and r2S
2n−1/Zk, respectively,
with r1, r2 > 0. Hence F := f1 ◦ f
−1 maps r1S
2n−1/Zm onto r2S
2n−1/Zk.
Since Lm and Lk are not CR-equivalent for distinct m, k, we obtain k = m.
Furthermore, every CR-isomorphism between r1S
2n−1/Zm and r2S
2n−1/Zm
has the form [z] 7→ [r2/r1Uz], where U ∈ Un, and [z] ∈ C
n \ {0}/Zm denotes
the equivalence class of a point z ∈ Cn \ {0}. Therefore, F extends to a
holomorphic automorphism of Cn \ {0}/Zm.
We claim that V can be chosen so that D ∩ V is connected and
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V \ (D ∪O(x)) 6= ∅. Indeed, since O(x) is strongly pseudoconvex and closed
in M , for V small enough we have V = V1 ∪ V2 ∪ O(x), where Vj are open
connected non-intersecting sets. For each j, D∩Vj is a union of G(M)-orbits
and therefore is mapped by f onto a union of the quotients of some spher-
ical shells. If there are more than one such factored shells, then there is a
factored shell such that the closure of its inverse image under f is disjoint
from O(x), and hence D is disconnected which contradicts the definition of
D. Thus, D∩Vj is connected for j = 1, 2, and, if V is sufficiently small, then
each Vj is either a subset of D or disjoint from it. If Vj ⊂ D for j = 1, 2,
then M = D ∪ V is compact, which is impossible since M is hyperbolic and
d(M) > 0. Therefore, for some V there is only one j for which D ∩ Vj 6= ∅.
Thus, D ∩ V is connected and V \ (D ∪ O(x)) 6= ∅, as required.
Setting now
f˜ :=
{
f on D
F−1 ◦ f1 on V ,
(4.2)
we obtain a biholomorphic extension of f to D ∪ V . By construction, f˜
satisfies (4.1) for g ∈ G(M) and q ∈ D ∪ V . Since D ∪ V is strictly larger
than D, we obtain a contradiction with the maximality of D. Thus, we have
shown that in fact D = M , and hence M is holomorphically equivalent to
Sr/R/Zm.
We will now consider the case when all orbits in M are non-compact.
First, we will assume that every orbit in M is a real hypersurface. In this
situation we will use an orbit gluing procedure illustrated above for the case
of compact orbits. It comprises the following steps:
(1). Start with a real hypersurface orbit O(p) with model m and consider
a real-analytic CR-isomorphism f : O(p) → m that satisfies (4.1) for all
g ∈ G(M) and q ∈ O(p), where ϕ : G(M)→ Rm is a Lie group isomorphism.
(2). Verify that for every model m′ the group Rm′ acts by holomorphic trans-
formations with real hypersurface orbits on a domain D ⊂ Cn containing m′.
Observe that for every model m′ every orbit of the action of Rm′ on D is a
real hypersurface CR-equivalent to m′.
(3). Observe that f can be extended to a biholomorphic map from a G(M)-
invariant connected neighborhood of O(p) in M onto an Rm-invariant neigh-
20 A. V. Isaev
borhood of m in D. First of all, extend f to some neighborhood U of O(p) to
a biholomorphic map onto a neighborhood W of m in Cn. Let W ′ = W ∩ D
and U ′ = f−1(W ′). Fix s ∈ U ′ and s0 ∈ O(s). Choose h0 ∈ G(M) such that
s0 = h0s and define f(s0) := ϕ(h0)f(s). To see that f is well-defined at s0,
suppose that for some h1 ∈ G(M), h1 6= h0, we have s0 = h1s, and show
that ϕ(h) fixes f(s), where h := h−11 h0. Indeed, for every g ∈ G(M) identity
(4.1) holds for q ∈ Ug, where Ug is the connected component of g
−1(U ′)∩ U ′
containing O(p). Since h ∈ Is, we have s ∈ Uh and the application of (4.1)
to h and s yields that ϕ(h) fixes f(s), as required. Thus, f extends to
U ′′ := ∪q∈U ′O(q). The extended map satisfies (4.1) for all g ∈ G(M) and
q ∈ U ′′.
(4). Consider a maximal G(M)-invariant domain D ⊂ M from which there
exists a biholomorphic map f onto an Rm-invariant domain in D satisfying
(4.1) for all g ∈ G(M) and q ∈ D. The existence of such a domain is guar-
anteed by the previous step. Assume that D 6= M and consider x ∈ ∂D.
Let m1 be the model for O(x) and let f1 : O(x) → m1 be a real-analytic
CR-isomorphism satisfying (4.1) for all g ∈ G(M), q ∈ O(x) and some Lie
group isomorphism ϕ1 : G(M) → Rm1 in place of ϕ. Let D1 be the domain
in Cn containing m1 on which Rm1 acts by holomorphic transformations with
real hypersurface orbits CR-equivalent to m1. As in (3), extend f1 to a bi-
holomorphic map from a connected G(M)-invariant neighborhood V of O(x)
onto an Rm1-invariant neighborhood of m1 in D1. The extended map satisfies
(4.1) for all g ∈ G(M), q ∈ V and ϕ1 in place of ϕ. Consider s ∈ V ∩ D.
The maps f and f1 take O(s) onto an Rm-orbit in D and an Rm1-orbit in
D1, respectively. Then F := f1 ◦ f
−1 maps the Rm-orbit onto the Rm1-orbit.
Since all models are pairwise CR non-equivalent, we obtain m1 = m.
(5). Show that F extends to a holomorphic automorphism ofD. For spherical
m this will follow from the fact that F maps an Rm-orbit onto an Rm-orbit,
for Levi-flat m a slightly more detailed analysis will be required.
(6). Show that V can be chosen so that D ∩ V is connected and
V \ (D ∪ O(x)) 6= ∅. This follows from the hyperbolicity of M and the
existence of a neighborhood V ′ of O(x) such that V ′ = V1∪V2∪O(x), where
Vj are open connected non-intersecting sets. For spherical m the existence
of such V ′ follows, for example, from the strong pseudoconvexity of m, for
Levi-flat m it follows from the explicit form of the models: indeed, each of
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Bn−1 × R, Bn−1 × S1 splits Bn−1 × C.
(7). Use formula (4.2) to extend f to D ∪ V thus obtaining a contradiction
with the maximality ofD. This shows that in factD = M and henceM is bi-
holomorphically equivalent to an Rm-invariant domain in D. In all the cases
below the determination of Rm-invariant domains will be straightforward,
and a classification of manifolds M not containing complex hypersurface or-
bits will follow.
We will now apply our general gluing procedure to each model using
the notation introduced above as well as in Propositions 3.1, 3.2 and 3.3.
Suppose first that m = σ. Clearly, Rσ acts by holomorphic transformations
on all of Cn, so in this case D = Cn. Let f : O(p) → m be a real-analytic
CR-isomorphism that satisfies (4.1) for all g ∈ G(M) and q ∈ O(p), where
ϕ : G(M) → Rσ is a Lie group isomorphism. As we showed in (3), the
map f can be extended to a biholomorphic map between a G(M)-invariant
neighborhood U of O(p) inM and a Rσ-invariant neighborhoodW of σ in C
n
satisfying (4.1) for all g ∈ G(M) and q ∈ U . This implies that the Rσ-orbit
of every point in W is a real hypersurface in Cn, which can only happen if
λ = 1 for every element of Rσ (see formula (3.3)). Therefore, Rσ = Un−1⋉N ,
and thus Rσ acts with real hypersurface orbits on all of C
n. The Rσ-orbit of
every point in Cn is of the form{
(z′, zn) ∈ C
n−1 × C : Re zn = |z
′|2 + r
}
,
where r ∈ R, and every Rσ-invariant domain in C
n is given by
SRr :=
{
(z′, zn) ∈ C
n−1 × C : r + |z′|2 < Re zn < R + |z
′|2
}
,
where −∞ ≤ r < R ≤ ∞. Every CR-isomorphism between two Rσ-orbits is
a composition of a map of the form (3.3) and a translation in the zn-variable.
Therefore, F in this case extends to a holomorphic automorphism of Cn.
Now our gluing procedure implies that M is holomorphically equivalent to
SRr for some −∞ ≤ r < R ≤ ∞. Therefore, M is holomorphically equivalent
either to the domain S or (for R =∞) to Bn; the latter is clearly impossible.
Assume next that m = δ. Again, we have D = Cn. The Rδ-orbit of every
point in Cn has the form{
(z′, zn) ∈ C
n−1 × C : |zn| = r exp
(
|z′|2
)}
,
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where r > 0, and hence every Rδ-invariant domain in C
n is given by
DRr :=
{
(z′, zn) ∈ C
n−1 × C : r exp
(
|z′|2
)
< |zn| < R exp
(
|z′|2
)}
,
for 0 ≤ r < R ≤ ∞. Every CR-isomorphism between two Rδ-orbits is a
composition of a map from Rδ and a dilation in the zn-variable. Therefore,
F extends to a holomorphic automorphism of Cn. Hence, we obtain that M
is holomorphically equivalent to DRr for some 0 ≤ r < R ≤ ∞ and therefore
either to Dr/R, 1 or (for R =∞) to D0,−1.
Suppose now that m = ω. In this case D is the cylinder C := {(z′, zn) ∈
Cn−1 × C : |z′| < 1}. The Rω-orbit of every point in C is of the form{
(z′, zn) ∈ C
n−1 × C : |z′|2 + r exp (Re zn) = 1
}
,
where r > 0, and any Rω-invariant domain in C is of the form
ΩRr : =
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1,
r(1− |z′|2) < exp (Re zn) < R(1− |z
′|2)
}
,
for 0 ≤ r < R ≤ ∞. Since every CR-isomorphism between two Rω-orbits in
C is a composition of a map from Rω and a translation in the zn-variable, F
extends to a holomorphic automorphism of C. In this case M is holomorphi-
cally equivalent to ΩRr for some 0 ≤ r < R ≤ ∞, and hence either to Ωr/R, 1
or (for R =∞) to Ω0,−1.
Assume now that m = εα for some α > 0. Here D is the domain C
′ :=
C \ {zn = 0}. The Rεα-orbit of every point in C
′ is of the form{
(z′, zn) ∈ C
n−1 × C : |z′|2 + r|zn|
α = 1, zn 6= 0
}
,
where r > 0, and every Rεα-invariant domain in C
′ is given by
ERr,α : =
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1,
r(1− |z′|2)1/α < |zn| < R(1− |z
′|2)1/α
}
,
for 0 ≤ r < R ≤ ∞. Since every CR-isomorphism between Rεα-orbits is
a composition of an element of Rεα and a dilation in the zn-variable, the
map F extends to an automorphism of C′. Thus, we have shown that M
is holomorphically equivalent to ERr,α for some 0 ≤ r < R ≤ ∞, and hence
either to Er/R,1/α or (for R =∞) to E0,−1/α.
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Suppose that m = Bn−1 × R. Here D = C, the RBn−1×R-orbit of every
point in C is of the form
br :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, Im zn = r
}
,
for r ∈ R, and any RBn−1×R-invariant domain in C is given by
BRr :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, r < Im zn < R
}
,
for −∞ ≤ r < R ≤ ∞. We will now show that F extends to an auto-
morphism of C. Since F maps br1 onto br2 , for some r1, r2 ∈ R, it has the
form F = ν ◦ g, where ν is an imaginary translation in the zn-variable,
and g ∈ AutCR(br1). Each of the maps f and f1 transforms the group
G(M) into the group RBn−1×R, and therefore g lies in the normalizer of
RBn−1×R in AutCR(br1). Considering g in the general form (3.10), we ob-
tain au1aa
−1
u1
= au2aa
−1
u2
for all a ∈ Aut(Bn−1) and all u1, u2. Therefore,
au1a
−1
u2 lies in the center of Aut(B
n−1), which is trivial. Hence we obtain
that au1 = au2 for all u1, u2. In addition, there exists k ∈ R
∗ such that
µ−1(u) + b ≡ µ−1(u + kb) for all b ∈ R. Differentiating this identity with
respect to b at b = 0 we see that µ−1(u) = u/k + t for some t ∈ R. There-
fore, F extends to a holomorphic automorphism of C. This shows that M is
holomorphically equivalent to BRr for some 0 ≤ r < R ≤ ∞, and hence to
Bn−1×∆, which is impossible. Thus, M in fact does not contain orbits with
model Bn−1 × R.
Suppose finally that m = Bn−1 × S1. Here D = C′, the RBn−1×S1-orbit of
every point in C′ has the form
cr :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, |zn| = r
}
,
for r > 0, and any RBn−1×S1-invariant domain in C
′ is given by
CRr :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, r < |zn| < R
}
,
for 0 ≤ r < R ≤ ∞. We will now show that F extends to an automorphism
of C′. Since F maps cr1 onto cr2, for some r1, r2 > 0, it has the form F =
ν ◦ g, where ν is a dilation in the zn-variable, and g ∈ AutCR(cr1). As in
the previous case, each of f and f1 transforms the group G(M) into the
group RBn−1×S1, hence the element g lies in the normalizer of RBn−1×S1 in
AutCR(cr1). As before, we take g in the general form (3.10) and obtain
that au1 = au2 for all u1, u2. Furthermore, there exists k ∈ R
∗ such that
24 A. V. Isaev
eicµ−1(u) ≡ µ−1(eikcu). Differentiating this identity with respect to c at
c = 0 we see that µ−1(u) = eitu1/k, for some t ∈ R. Therefore, F extends to
a holomorphic automorphism of C′. This shows that M is holomorphically
equivalent to CRr for some 0 ≤ r < R ≤ ∞, and hence either to Er/R,0 or (for
R =∞) to E0,0. This completes the case when M does not contain complex
hypersurface orbits.
We will now assume that a complex hypersurface orbit is present in M .
Recall that there are at most two such orbits and that G(M) can be factored
by a normal subgroup isomorphic to U1 to obtain a group isomorphic to
Aut(Bn−1) (see (iii) of Proposition 2.1). It now follows from Propositions
3.2 and 3.3 that the model for every real hypersurface orbit is either εα for
some α > 0, or Bn−1 × S1. Let M ′ be the manifold obtained from M by
removing all complex hypersurface orbits. It then follows from the above
considerations that M ′ is holomorphically equivalent to either ERr,α or to C
R
r
for some 0 ≤ r < R ≤ ∞.
Suppose first that M ′ is equivalent to ERr,α and let f : M
′ → ERr,α be
a biholomorphic map satisfying (4.1) for all g ∈ G(M), q ∈ M ′ and some
isomorphism ϕ : G(M) → Rεα. The group Rεα in fact acts on all of C, and
the orbit of any point in C with zn = 0 is the complex hypersurface
c0 :=
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, zn = 0
}
.
For a point s ∈ C denote by Js the isotropy subgroup of s under the action of
Rεα. If s0 ∈ c0 and s0 = (z
′
0, 0), Js0 is isomorphic to U1 × Un−1 and consists
of all maps of the form (1.1) with θ = 1/α for which the transformations in
the z′-variables form the isotropy subgroup of the point z′0 in Aut(B
n−1).
Fix s0 = (z
′
0, 0) ∈ c0 and let
Ns0 :=
{
s ∈ ERr,α : Js ⊂ Js0
}
.
We have
Ns0 =
{
(z′, zn) ∈ C
n−1 × C : z′ = z′0, r(1− |z
′
0|
2)1/α < |zn| < R(1− |z
′
0|
2)1/α
}
.
Thus, Ns0 is either an annulus (possibly, with an infinite outer radius) or a
punctured disk. In particular, Ns0 is a complex curve in C
′.
Since Js0 is a maximal compact subgroup of Rεα, ϕ
−1(Js0) is a maximal
compact subgroup of G(M). Let O be a complex hypersurface orbit in M .
For q ∈ O the isotropy subgroup Iq is isomorphic to U1×Un−1 and therefore
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is a maximal compact subgroup of G(M) as well. Thus, ϕ−1(Js0) is conjugate
to Iq for every q ∈ O and hence there exists q0 ∈ O such that ϕ
−1(Js0) = Iq0.
Since the isotropy subgroups in Rεα of distinct points in c0 do not coincide,
such a point q0 is unique.
Let
Kq0 := {q ∈M
′ : Iq ⊂ Iq0} .
Clearly, Kq0 = f
−1(Ns0). Thus, Kq0 is a Iq0-invariant complex curve in M
′
equivalent to either an annulus or a punctured disk. By Bochner’s theorem
there exist a local holomorphic change of coordinates F near q0 on M that
identifies an Iq0-invariant neighborhood U of q0 with an Lq0-invariant neigh-
borhood of the origin in Tq0(M) such that F (q0) = 0 and F (gq) = αq0(g)F (q)
for all g ∈ Iq0 and q ∈ U (here Lq0 is the linear isotropy group and αq0 is the
isotropy representation at q0). In the proof of Proposition 2.1 (see Case 1)
we have seen that Lq0 has two invariant subspaces in Tq0(M). One of them
corresponds in our coordinates to O, the other to a complex curve C inter-
secting O at q0. Observe that near q0 the curve C coincides with Kq0 ∪ {q0}.
Therefore, in a neighborhood of q0 the curve Kq0 is a punctured analytic
disk. Further, if a sequence {qn} from Kq0 accumulates to q0, the sequence
{f(qn)} accumulates to one of the two ends of Ns0, and therefore we have
either r = 0 or R = ∞. Since both these conditions cannot be satisfied
simultaneously due to hyperbolicity of M , we conclude that O is the only
complex hypersurface orbit in M .
Assume first that r = 0. We will extend f to a map from M onto the
domain {
(z′, zn) ∈ C
n−1 × C : |z′|2 +
1
R
|zn|
α < 1
}
(4.3)
by setting f(q0) = s0, where q0 ∈ O and s0 ∈ c0 are related as specified
above. The extended map is one-to-one and satisfies (4.1) for all g ∈ G(M),
q ∈ M . To prove that f is holomorphic on all of M , it suffices to show that
f is continuous on O. It will be more convenient for us to show that f−1 is
continuous on c0. Let first {sj} be a sequence of points in c0 converging to
s0. Then there exists a sequence {gj} of elements of Rεα converging to the
identity such that sj = gjs0 for all j. Then f
−1(sj) = ϕ
−1(gj)q0, and, since
{ϕ−1(gj)} converges to the identity, we obtain that {f
−1(sj)} converges to
q0. Next, let {sj} be a sequence of points in E
R
0,α converging to s0. Then we
can find a sequence {gj} of elements of Rεα converging to the identity such
that gjsj ∈ Ns0 for all j. Clearly, the sequence {f
−1(gjsj)} converges to q0,
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and hence the sequence {f−1(sj)} converges to q0 as well. Thus, we have
shown that M is holomorphically equivalent to domain (4.3) and hence to
the domain Eα.
Assume now that R =∞. Observe that the action of the group Rεα on C
extends to an action on C˜ := Bn−1×CP1 by holomorphic transformations by
setting g(z′,∞) := (a(z′),∞) for every g ∈ Rεα, where a is the corresponding
automorphism of Bn−1 in the z′-variables (see formula (1.1)). Now arguing
as in the case r = 0, we can extend f to a biholomorphic map between M
and the domain in C˜
{
(z′, zn) ∈ C
n−1 × C : |z′| < 1, |zn| > r(1− |z
′|2)1/α
}
∪
(
Bn−1 × {∞}
)
.
This domain is holomorphically equivalent to E−1/α, and so is M .
In the case whenM ′ is holomorphically equivalent to CRr for some 0 ≤ r <
R ≤ ∞, the same argument gives that M has to be equivalent to Bn−1 ×∆,
which is impossible.
It now remains to show that all manifolds in (i)-(vii) of (1.2) are pairwise
holomorphically non-equivalent. Since the automorphism groups of most
manifolds are non-isomorphic (see the discussion following the formulation
of Theorem 1.1 in the introduction), and the orbits of Un/Zm in C
n \{0}/Zm
are topologically different for distinct m, we must only prove pairwise non-
equivalence of domains within each of the following families: {(ii)-(iv)},
{(v)}, {(vi)}. The first two families consist of Reinhardt domains. It is
shown in [Kru] that two hyperbolic Reinhardt domains are holomorphically
equivalent if and only if they are equivalent by means of an algebraic map,
that is, a map of the form
zi 7→ λiz
ai 1
1 · . . . · z
ai n
n , i = 1, . . . , n,
where λi ∈ C
∗, aij ∈ Z for all i, j, and det (aij) = ±1. It is straightforward
to verify, however, that no two domains within the first two families are
algebraically equivalent.
Next, for every domain in the third family its group of holomorphic au-
tomorphisms is the group Rω. Therefore, a biholomorphic map between any
two domains D1 and D2 in this family, takes every Rω-orbit from D1 into a
Rω-orbit inD2. However, as we noted above, every CR-isomorphism between
two Rω-orbits is a composition of an element of Rω and a translation in the
zn-variable. Therefore, D1 can be mapped onto D2 by such a translation. It
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is clear, however, that no two domains in the third family can be obtained
from one another by translating the zn-variable.
This completes the proof of Theorem 1.1 in the non-homogeneous case.
5 The Homogeneous Case
IfM is homogeneous, by [N], [P-S] it is holomorphically equivalent to a Siegel
domain of the second kind in Cn. For n = 2, this gives that M is equivalent
to either B2 or ∆2, which is impossible since d(B2) = 8 and d(∆2) = 6. For
n = 3 we obtain that M is equivalent to one of the following domains: B3,
B2 ×∆, ∆3, S, where S is the 3-dimensional Siegel space mentioned in the
introduction. Among these domains only ∆3 has an automorphism group of
dimension 9.
For n ≥ 4 we will prove the following proposition.
Proposition 5.1 Let U ⊂ Cn, n ≥ 4, be a Siegel domain of the second kind.
Suppose that d(U) = n2. Then n = 4 and U is holomorphically equivalent
to B2 × B2.
Proof: Our proof is similar to that of Proposition 3.1 of [IKra]. The domain
U has the form
U =
{
(z, w) ∈ Cn−k × Ck : Imw − F (z, z) ∈ C
}
,
where 1 ≤ k ≤ n, C is an open convex cone in Rk not containing an entire
affine line and F = (F1, . . . , Fk) is a C
k-valued Hermitian form on Cn−k×Cn−k
such that F (z, z) ∈ C \ {0} for all non-zero z ∈ Cn−k.
We will first show that k ≤ 2. As we noted in [IKra]
d(U) ≤ 4n− 2k + dim g0(U). (5.1)
Here g0(U) is the Lie algebra of all vector fields on C
n of the form
XA,B = Az
∂
∂z
+Bw
∂
∂w
,
where A ∈ gln−k(C), B belongs to the Lie algebra g(C) of the group of linear
automorphisms of the cone C, and the following holds:
F (Az, z) + F (z, Az) = BF (z, z), (5.2)
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for all z ∈ Cn−k.
In [IKra] we showed that
dim g0(U) ≤
3k2
2
− k
(
2n+
1
2
)
+ n2 + 1,
which together with (5.1) gives
d(U) ≤
3k2
2
− k
(
2n+
5
2
)
+ n2 + 4n+ 1. (5.3)
It is straightforward to check that the right-hand side of (5.3) is strictly less
than n2 if k ≥ 3, hence k ≤ 2.
If k = 1, the domain U is equivalent to Bn which is impossible. Hence
k = 2. It follows from (5.2) that the matrix A is determined by the matrix
B up to a matrix L ∈ gln−2(C) satisfying
F (Lz, z) + F (z, Lz) = 0,
for all z ∈ Cn−2. Let s be the dimension of the subspace of all such matrices
L. Then
dim g0(U) ≤ s+ dim g(C),
and Lemma 3.2 of [IKra] yields
dim g0(U) ≤ s+ 2,
which, together with (5.1) implies
s ≥ n2 − 4n+ 2. (5.4)
By the definition of Siegel domain, there exists a positive-definite linear
combination of the components of F , and we can assume that F1 is positive-
definite. Further, applying an appropriate linear transformation of the z-
variables, we can assume that F1 is given by the identity matrix and F2 by
a diagonal matrix.
Suppose first that the matrix of F2 is scalar. If F2 ≡ 0, then U is holo-
morphically equivalent to Bn−1 ×∆ which is impossible. If F2 6≡ 0, then U
is holomorphically equivalent to the domain
V :=
{
(z, w) ∈ Cn−2 × C2 : Imw1 − |z|
2 > 0, Imw2 − |z|
2 > 0
}
.
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It was shown in [IKra] that d(V ) ≤ n2− 2n+3 and hence d(V ) < n2. Thus,
the matrix of F2 is not scalar. Inequality (5.4) now yields that the matrix of
F2 can have at most one pair of distinct eigenvalues. Therefore n = 4 and
thus U is holomorphically equivalent to B2 × B2.
The proof of Proposition 5.1 is complete. 
Theorem 1.1 in the homogeneous case now follows from Proposition 5.1
and the preceding remarks. 
6 Examples for the case d(M) = n2 − 2
In this section we will give an example of a family of pairwise holomorphically
non-equivalent smoothly bounded Reinhardt domains in C2 with automor-
phism group of dimension 2. This family is parametrized by sets in R2 that
satisfy only very mild conditions. In particular, no explicit formulas describe
the domains in the family.
Choose a set Q ⊂ R2+ := {(x, y) ∈ R
2 : x ≥ 0, y ≥ 0} in such a way that
the associated set in C2
DQ :=
{
(z1, z2) ∈ C
2 : (|z1|, |z2|) ∈ Q
}
is a smoothly bounded Reinhardt domain and contains the origin. By [Su],
two bounded Reinhardt domains containing the origin are holomorphically
equivalent if and only if one is obtained from the other by means of a dilation
and permutation of coordinates. In [FIK] all smoothly bounded Reinhardt
domains with non-compact automorphism group were listed. All these do-
mains contain the origin, and it is not difficult to choose Q so that DQ is
not holomorphically equivalent to any of the domains from [FIK] and thus
ensure that Aut(DQ) is compact. It then follows from the explicit description
of the automorphism groups of bounded Reinhardt domains (see [Kru], [Sh])
that Aut(DQ)
c is isomorphic to either U2 or U1 × U1. Theorem 1.9 of [GIK]
(or, alternatively, Theorem 1.1 above) now yields that there does not exist a
hyperbolic Reinhardt domain in C2 containing the origin for which the auto-
morphism group is four-dimensional. Hence Aut(DQ)
c is in fact isomorphic
to U1 × U1 and thus d(DQ) = 2.
The freedom in choosing a set Q that satisfies the above requirements
is very substantial, and by varying Q one can produce a family of pairwise
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non-equivalent Reinhardt domains DQ that cannot be described by explicit
formulas.
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